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The paper models the behavior of an economy that accumulates capital stock
and increases the life expectancy of their inhabitants at the same time. It is
shown that as a country develops, it presents initially smaller growth rates on
consumption and physical capital but larger expansions on life expectancy. Thus
poor countries may initially catch-up on life expectancy rather than per capita
income, producing divergence on income between poor and rich countries. It is
also shown that economies with larger life expectancy should have larger income
growth rates.
JEL Classiﬁcation: I10, J11, O40
MOTIVATION
The literature on economic growth has been very concerned on answering if poor
countries tend to growth faster than rich countries in terms of per capita income
level. Empirical analysis has shown that there would be convergence in the above
sense on areas of similar characteristics, as the U.S. states or European countries,
but not on overall when a bigger set of countries (or areas) is used (Barro and Sala-i-
Martin, 1995). Thus it seems that there is no overall convergence on income between
countries.
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1Diﬀerent explanation has been given to this phenomena. The neoclassical model
would be consistent with the empirical observations when diﬀerent exogenous techno-
logical growth is assumed among blocks of countries. In fact, even when convergence
m a yb eo b s e r v e do nt h es h o r tr u n ,t h el o n gr u ng r o w t hr a t e sb e t w e e nr i c ha n dp o o r
countries will diﬀer, when they have diﬀerent rates of technological progress. Also,
the AK endogenous growth model with no diminishing return on capital stock would
display the long run divergence on per capita income when rental rates on rich coun-
tries are bigger than the one of poor countries. Among those type of models is the one
of Arrow (1962) that incorporated knowledge as an input on the production function.
Knowledge has two key characteristics, it depends on the level of capital stock and
it is also a public good that produces spillovers. In this way, diminishing returns
on capital stock are oﬀset. Barro (1990) emphasized the government’s role on the
production function. Provision of infrastructure and enforcement of property rights
have a positive impact over the economy’s production function. In that case, as long
as the provision of public goods increases along with increases in capital stock, di-
minishing returns on capital stock would not appear, and endogenous growth would
be observed. Hence, countries with policies emphasizing public knowledge accumula-
tion, property rights and provision of infrastructure may have larger long run growth
rates.
An alternative view follows the developments on Uzawa (1965), Lucas (1988) and
Rebelo (1991) among others. Those models gives a fundamental importance to the
human capital accumulation, and have a two sector production function, one pro-
ducing human capital and the second physical goods that could be accumulated as
physical capital or consumed. The existence of human capital oﬀset the diminish-
ing returns to scale on capital stock when capital stock is deﬁned including human
capital.
Finally the empirical evidence can be explain also by the existence of multiple equi-
libria that distinguish poor and rich countries. Palivos (1995) provides an extension
of the Cass-Koopmans model in which allowing endogenous fertility, poor countries
2would be converge to smaller levels of per capita income and larger fertility rates.
Contrary to the above literature, this paper will focus on the eﬀect of health over
per capita income growth rates. Initial evidence on the eﬀect of health over growth
rates was found on Barro and Sala-i-Marti (1995). They used a panel data set
from Barro and Lee (1994). They basically regressed growth rate of GDP on initial
level of GDP and some additional variables such as educational attainment, public
spending on education, political instability, investment ratio and life expectancy,
among others. On those regressions, the estimated coeﬃcient for life expectancy
is 0.064, meaning that countries starting with higher life expectancy should have
a bigger growth rate on GDP. They justify the coeﬃcient ”because it proxies for
features other than good health that reﬂect desirable performance of a society. For
example, higher life expectancy may go along with better work habits and a higher
level of skills”(Barro and Sala-i-Martin, 1995, page 432). This paper will provide an
alternative explanation, though.
Using the same data set, we may compare growth rate of GDP per capita and
growth rate on life expectancy for diﬀerent set of countries. Table 1 reports the
observations for Latin American, African, North American and European countries.
[Insert Table 1]
The main observations are ﬁrst, that countries with higher per capita growth rate
on GDP have lower growth rate on their life expectancy. Second, countries with
smaller initial life expectancy present larger growth rates on life expectancy but
lower growth rates of per capita income. In fact, slow growing countries such as
countries in Latin America or Africa increase their life expectancy on approximately
10 to 11 years while high growth rate countries such as countries on Europe or U.S.
and Canada increased their life expectancy only on 5 to 7 years on the period 1960-
1985. Thus, even when it seems that there is no catching up on output, there may
be catching up on life expectancy.
To deal with the above observations, this paper will deviate from the inﬁnitely-lived
3individuals usually assumed on the literature on economic development. We assume
that an individual that is currently maximizing her utility level faces some uncertainty
given by the possibility of death. This slight modiﬁcation on the setup produces
some interesting changes on the conclusions of the model. In fact, individuals with
larger death likelihood should have lower capital accumulation, as they face a lower
likelihood of using the capital stock accumulated.
To model those eﬀects, throughout the paper, it is assumed that the probability of
dying is negatively aﬀected by the stock of health capital that the individual owns.
Hence as more health capital is accumulated, the life expectancy of the individual
increases. A two sector production function is assumed, where one sector produces
physical goods that can be stored for next period, and the other sector produces
health capital stock that increases life expectancy. Physical capital stock is used on
both sectors, but more intensively on the physical good sector. Thus it will exit
ac o m p l e m e n t a r i t yb e t w e e np h y s i c a lg o o da n dh e a l t ho nt h eu t i l i t yf u n c t i o nb u ta
trade-oﬀ between them on the production sector. One of the interesting results of the
model is the fact that countries with more physical capital per unit of health would
be accumulating less health stock but growing faster than countries with small level
of physical capital per unit of health. The later countries should be accumulating
health stock and growing at a smaller rate.
The paper is developed as follows. Section 2 develops the setup of the individual’s
model. Section 3 characterizes the aggregate economy and it solves the dynamics of
the economy. Finally, section 4 concludes.
THE MODEL
In this economy, time is continuous and individuals are born at each period of time.
The individuals born at time v will be denoted as dynasty ”v”, and the number of
people born in dynasty v is n(v). Once born, individuals make plan to maximize
their welfare over their lifetime. However, their lifetime span is not exogenously
4determined, and in fact it depends on individual’s decisions. Over lifetime, individuals
may invest on their health to increase their expected lifetime spans. Hence, it will be
assumed that the probability of being alive in the future is an increasing function of
the individuals’s health stock.
Let EvU be the expected lifetime welfare function of an individual born at time
v. The overall welfare function will be a weighted sum of all future utility ﬂows that
are determined by the instantaneous utility function, u(c(v,t)) when the individual
is alive, where c(v,t) is the consumption at time t of an individual born at time v.
When the individual is dead, she gets u0 as current utility level. We assume that
u0 is normalized to zero. As usual the weights of the utility ﬂows depends on a
constant individual discount factor ρ, but also on the probability of being alive in the
future. Let λ(h(v,t)) be the density function of being dead next period, where h(v,t)
is the level of health stock of an individual of dynasty v at time t. As a matter of
notation, the index (v,t) denotes generation v at time t It is that assumed λ(h(v,t))
















is the survival rate1, given that the individual was born at
time v. Hence, EvU is an expected utility function, where the ﬂows obtained when
the individual is dead are normalized to zero. It is assumed that the individual values
to be alive and hence any ﬂow of utility obtained while she is alive should have a
higher utility than u0. This utility function has time preferences that depends on
individuals’ choices as in Becker and Mulligan (1997).
The utility function u(•) is increasing and concave on consumption, and it satisfy
Inada conditions. The fact that u(•) is concave will play an important role on the
1Or the hazard rate of being alive at period t given that the individual is alive at v.
5problem. Concavity implies that the individual prefers to smooth consumption over
time, and therefore she dislikes patterns of consumption where some periods she has
high consumptions and others low consumption. Notice that this is just the case for
an individual who has been consuming while she was alive and suddenly she faces
death where consumption drops discontinuously. Hence, individuals dislike to die and
concavity on the utility function assures that the individual likes to be alive.
The problem faced by the individual at period ”t”, t>v, given she is alive, is
the following. At the beginning of the period the individual is endowed with some
units of capital stock k(v,t), and some units of health capital stock h(v,t). As
an initial condition, it is assumed that individuals are born with no capital stock,
meaning k(j,j)=0, 5 j.The individual has two technologies available. One of them
produces health and the other produces physical good. The physical good technology
uses only physical goods, but the health technology uses physical capital and health
capital. Hence the individual must choose how to allocate physical capital between
technologies. Let the fraction of physical capital stock used on the production of
health capital be u(v,t). The technologies are the followings:
y(v,t)=D[1 − u(v,t)]k(v,t),D≥ 0
Ih(v,t)=A[u(v,t)k(v,t)]αh(v,t)1−α,A,α ≥ 0
Where y is the physical output and Ih is the increase on health stock. Another
source of physical good obtained by the individual are bequests, b(v,t). Those be-
quests are obtained from individuals who died at the beginning of the period and
who were holding physical goods.
After the realization of income, the individual must choose how to allocate her
income on the expenditure side. In fact, she must choose how much to consume, c(v,t)
and how much to accumulate of the physical good. The physical good depreciate at
rate δk while the health capital good depreciates at the rate δh.
The problem, as stated, presents a characteristic that should be discussed, namely
6that people do not care directly about their inheritors but they leave bequests. In
this model, it is assumed that people is completely selﬁsh, as they do not care about
the utility (or consumption level) of others individuals. But even in this case, we
observe bequests because assets (capital stock) that are not used by the owners -
due to death- are inherited by the remaining population. In fact, this remaining
population could be composed of individuals that were older, younger or of the same
age as the one recently dead. This property of the model indicates that the model
focuses on individuals that invest to increase their life span and who leave unplanned
bequests. Even when b(v,t) is indexed by dynasty, the bequests are exogenous to the
”dynasty v” ’s problem. Hence, b(v,t) is not a decision variable for a individual of
dynasty v. Moreover, it will be assumed that the total bequest left by an individual of
dynasty v, if dead, is equally shared among all the members alive of the population.
There is also a borrowing condition imposed on individuals. This is the usual
transversality condition that imposes the value of individual’s asset approaches zero,
and cannot be negative2,a st i m ea p p r o a c h e si n ﬁnity. Basically, at the end of the
planning horizon of the individual there would not be valuable assets left. Finally,
the individual’s problem require consumption and the fraction of capital stock be non
negative, but those conditions will be always satisﬁed as Inada conditions apply on
the utility function and the health production function. As a matter of notation, let
µ(v,t) be the shadow price of assets of dynasty v at time t. Hence, the individual’s













k(v,t)=D[1 − u(v,t)]k(v,t)+b(v,t) − c(v,t) − δkk(v,t)( 2 )
•
h(v,t)=A[u(v,t)k(v,t)]αh(v,t)1−α − δhh(v,t)( 3 )




DYNAMICS AND EQUILIBRIUM OF THE ECONOMY
This section will focus on characterizing the behavior of the aggregate economy
to answer why countries’ behavior may be aﬀected by life expectancy of their in-
habitants. Last section described the behavior of individuals, though. Hence, this
section will link the individual’s problem with the economy’s aggregate behavior. The
procedure to characterize the aggregate economy is the following. Basically, we ﬁrst
characterize the dynamic behavior of each individual and later we aggregate over the
set of individuals currently alive to obtain the aggregated behavior of the economy.
The individual’s dynamic problem
To characterize the necessary conditions for optimality on the individual’s problem,
we apply the Pontryaging maximum principle.
The present value Hamiltonian for an individual of dynasty v is deﬁned by J(c,u,k,h,µ,ψ):
<6






+ µ(v,t)[D[1 − u(v,t)]k(v,t)+b(v,t) − c(v,t) − δkk(v,t)]
+ψ(v,t)[A[u(v,t)k(v,t)]αh(v,t)1−α − δhh(v,t)]
In the problem µ(v,t) is the shadow price of physical capital stock, as above, and
ψ(v,t) is the shadow price of health stock, both measured at time t for an individual











8Equations (5) and (6) have the traditional interpretation that marginal beneﬁt
equals marginal cost. In fact, the left hand side of equation (5) is the expected
marginal beneﬁt of an additional marginal unit of consumption at period t, while
the left hand side of equation (6) is the marginal beneﬁt of increasing the fraction of
physical capital allocated to the physical good production function. Notice that in
the case of equation (5), the marginal beneﬁt of per capita consumption is deﬁned by
the expected marginal increase in total utility, which depends on marginal utility of
consumption and the survival rate. The right hand side of both equations are their
marginal cost. In the case of equation (5) is the shadow price of the physical good
that could be accumulated instead of consumed while in the case of the equation (6),
it is the opportunity cost of allocating physical capital to the production of health. A





+ D = δk (7)
Equations (7) is an arbitrage conditions. In fact, the left hand side of equation (7)
is the gross return of holding a unit of physical capital, namely the capital gain due
to the change on shadow price plus the rental rate, which is deﬁned by the marginal
product of capital (D). The marginal cost is the depreciation rate of holding the unit
















Equation (8) has a similar interpretation. In fact, the left hand side is analogous,
capital gain plus marginal product of health stock. But notice that marginal product
of health has two components one is the marginal product on the production function
and the second is the net gain of utility due to a marginal increase in life expectancy.
The marginal cost is just the depreciation rate as above. Hence, equation (8) empha-
sizes that the marginal eﬀect of holding an additional unit of health stock is on one
9hand a larger output on the health technology but also a larger utility level due to
larger life expectancy. Equations (4) to (8) completely characterize the behavior of
an individual of dynasty v over time.
The aggregate economy
To fully characterize the evolution of the economy, this subsection will aggregate
the behavior of the individuals and determine the aggregate variable behaviors. First,














































Where Kt is total capital stock of the economy, Ct is aggregate consumption, Ht
is aggregate health stock, Nt is total population on the economy and Bt is aggregate
bequests, all variables at time t. The deﬁnition of the aggregate variables may be
explained in the following way. In the case of Kt, the level of physical assets hold




λ(h(v,s))ds), since n(v) individuals where born in this
dynasty and only a fraction of them is surviving. To obtain the total level of assets
in the economy, we should add assets over all dynasties. In fact at time t, there are
10dynasties from the beginning of the economy, -∞, to the current time, t. Hence the
integration is over all dynasties. In the case of the other aggregate variables, the
reasoning is analogous.
The behavior of aggregate capital stock over time can be characterized by diﬀer-





















This equation states that the change over time in aggregate capital stock of the
economy has three components. First, there may be an increase on capital stock due
to newborns, namely new persons arrive to the economy at time t and every one
of them should carry over some assets. But by assumption, we know that k(j,j)=0,
∇j; then this ﬁrst element should be zero as newborns hold no assets. The second
integral indicates that aggregate capital stock increases because each individual in
the economy increases her asset holdings -we add up over the whole economy. The
last element deal with mortality, namely each generation has a fraction λ(h(v,t)) of
people that dies at time t, who holds assets. However, notice that there are also
bequests in the economy. The bequest level obtained per individual alive of dynasty














This equation indicates that bequest per individual are the total bequest left by
people who died, divided by the total number of individuals in the current dynasty.










11Hence total bequests just oﬀset the eﬀect of mortality over total assets. This seems
obvious as all not used assets become bequests for the remaining population. Now
if we use equation (2) -the individual resource constraint of physical good- and the
result obtained for total bequest, we get an expression for the change in the aggregate
capital stock:
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Equation (15) simply replicates in aggregated terms the evolution of assets of the
individuals, but bequests are dropped in aggregate terms as they just oﬀset the
mortality eﬀect.
Similarly to the evolution of capital stock, we can obtain the evolution of aggregate
consumption, aggregate health stock or aggregated population over time. However,
we will focus now on obtaining the evolution of per capita quantities on the econ-
omy, namely the evolution of per capita health stock, per capita physical stock and
per capita consumption. Those quantities allow us to describe the welfare of an
average individual on this economy and thus, they are the ones usually used when
characterizing the economic development of a country.
We may obtain the evolution of the per capita health stock and per capita consump-






















































































Notice that Snv and Shv are weights for dynasty v at time t, measured as fraction
of total population and as a fraction of total health stock holdings. Equations (16)
to (18) are quite intuitive. The evolution of per capita health growth rate, per capita
physical stock and per capita consumption over time just follow the evolution of
health growth rate, physical capital and consumption at the individual level, and
each dynasty is weighted by its appropiated weight. Those conditions will allow us
to characterize the behavior of the economy.
The dynamics behavior of the economy
To characterize the dynamic behavior of the economy, we will impose some func-
tional forms that will make easier to ﬁnd the solutions of the model. First, the utility
function will have an absolute risk aversion form, u(c(v,t))=-e−rc(v,t), where r>0i s
the coeﬃcient of absolute risk aversion. Second, the death density function is linear
on health stock λ(h(v,t)) = 1 − Zh(v,t) on a support [0,H]w h e r eH,Z>0a n dH
large. Also, the following assumptions will be stated:








Assumption 1 will be use to satisfy the transversality condition while assumption
132 is a technical assumption that will be used to characterize the long run level of life
expectancy in this economy. Later on the paper, assumption 2 will be relaxed.
To characterize the evolution of the economy notice that equations (16) and (18)

















H is the ratio of aggregate capital used on the health sector over aggregate
health stock and λ(Ht/Nt) is the mortality rate on the economy. In fact, as the
probability of dying depends on individual health stock, aggregate mortality rate
depends on per capita health stock. A proof for equations (16’) and (18’) can be
found on the appendix.
Those two equations provides some interesting insights. Consider equation (18’).
This equation indicates that the change on per capita consumption over time depends
on mortality rate. Larger morality rates are associated with smaller consumption per
capita growth. This is due to the complementarity on the utility function between
future consumption and the survival function. The more likely the individual will be
alive in the future, the more she cares about future consumption and she is willing to
postpone current consumption to increase future consumption. On a extreme case,
when the individual knows she will not be alive in the future all the capital stock is
consumed today. The equation for per capita consumption in the economy-equation
(16’)- reproduces this behavior. Equation (16’) shows that the growth rate of per
capita health stock depends on UK
H , which is the aggregate amount of capital stock
allocated to the health sector measured in health units. Larger UK
H will be associated
with larger health stock growth rate and lower mortality rates over time, as indicated
by equation (18’). Hence, characterizing the evolution of UK
H will determine the
evolution of mortality rate and per capita consumption.
14The evolution of UK
H over time may be obtained from diﬀerentiating with respect




















A proof can be found on the mathematical appendix. This equation has two in-
teresting features. First, it shows that the evolution of UK
H depends on the diﬀerence
between net rental rate on the physical good sector and net rental rate on the health
stock sector, where the later consider a productive eﬀect -the second term on the
right hand side- and a utility eﬀect -the last term on the left hand side-4. Second,
this equation depends on UK
H only and hence, it may be easily solved by diﬀeren-
tial equation methods. In fact, equations (16’), (17), (18’) and (19) described the
evolution of the economy. The following proposition states the main results under
assumptions 1 and 2.
Proposition 1 When assumptions 1 and 2 hold, the economy converges to a steady
state with constant mortality rate, constant per capita consumption and constant per
capita capital stock. During the transition, the economy reduces its mortality rate but
increases per capita consumption growth and per capita capital stock growth.
Proof: See Mathematical appendix.
The proposition may be illustrated ﬁrst by describing the evolution of UK
H . It is
shown on the mathematical appendix that UK
H has initially only positive growth rates,
until it reaches some critical value, and later it has just negative rates. Hence, it exists
only a stable equilibrium point where UK
H remains on the long run. The evolution of
this variable may be seen on ﬁgure 1. Any poor country5 must have positive increases
on UK
H until reaching this equilibrium. But as we accumulate UK
H , the level of health
stock per capita increases and mortality rates decrease, as indicated by (16’). By
assumption 2, when we reach the equilibrium, the per capita health level becomes
4See interpretation of equation 8.
5Countries with relatively low stock of capital measured in units of health, e.g.
K
H.
15constant and so mortality rate does. Hence, assumption 2 assures a constant level of
mortality rate on the long run.
To ﬁgure out the evolution of consumption growth over time, notice that from
equation (18’), as mortality rate decrease over time, consumption changes must in-
crease over time. In fact, as the likelihood of been alive in the future becomes larger,
individuals face larger incentives to postpone consumption. Obviously the way to
change the path of consumption over time is throughout capital stock accumulation
and therefore larger future consumption are associated with larger physical capital
accumulation. Figure 2 and 3 illustrates this case. Notice that as the long run is
associated with constant mortality rate, the accumulation of physical capital and
consumption growth must also be constant in the long run and furthermore it is
equal to zero. Hence, the equilibrium on the economy has a constant mortality rate,
constant per capita consumption and constant per capita capital stock.
[Insert ﬁgures 1,2 and 3]
In the steady state, mortality rate and per capita consumption are constant. The
intuition for this result is that as the death probability is constant, each perio the
individual has the same probability of obtaining utility from future consumption and
hence she optimaly chooses the same amount of consumption for the future on each
period.
The proposition emphasizes the trade-oﬀ between health and physical stock accu-
mulation. As we accumulate large life expectancy, we use resources that could have
been allocated to the accumulation of physical capital and that would have increase
per capita income growth, measured by the return of the physical good production
function. It is shown that as a country develops, it starts accumulating health capital
to expand its life expectancy and hence its per capita income growth rate tends to be
low during the transition to the equilibrium. The fact that poor countries initially
accumulate health stock to increase life expectancy is due to the concavity on the
utility function. Due to concavity, we would like to smooth consumption over time.
16However, death is analogous to a discontinuous drop on consumption. This pattern
of death makes the individual willing to spend on increasing his life expectancy to
deter death as much as possible.
As life expectancy increases, the individual is more willing to increase future con-
sumption, as she is more likely to proﬁt of this future consumption. Hence, life
expectancy is quite important when determining consumption growth rate. Finally,
assumption 1 assures that the transversality condition holds.
Notice that the results of the proposition builds assumption 2. As indicated above,
this assumption assures that the log run equilibrium value of UK
H produces a stable
level of mortality rate or in other words that on the equilibrium value of UK
H the health
stock growth rate is zero. This condition is restrictive and it will be eliminated now.
It will be shown that if we eliminate assumption 2, mortality rates may continue to
decrease on the long run. In that case consumption changes and capital accumulation
may also be increasing on the long run. The transition has the same dynamics as
before. The following proposition will state the results in this case. As a matter of
notation, let UK
H ss be the long run level of UK
H determined by equation (19).
Proposition 2 When UK
H ss > (δh)
1
α and assumption 1 holds, the economy converge
to a long run equilibrium with decreasing mortality rates and constant growth rates
on per capita consumption and per capita capital stock.
Proof: See Mathematical appendix.
Notice that the condition UK
H ss > (δh)
1
α implies that the stock of health increases
over time in the long run equilibrium and hence mortality rates must decrease. We
can compare rich and poor countries, in this case. A poor country will be initially
accumulating mainly health capital and experiencing low per capita consumption
growth, as this country is on the transition to its long run equilibrium. This is
the same case as above. Consider a rich country that is already on its long run
equilibrium. It will also have a positive per capita consumption growth rate as
mortality rates decrease on the long run equilibrium, and its per capita consumption
17growth will be larger than the one of the poorer country, as the rich country is
devoting a smaller fraction of its resources to increase on life expectancy. Obviously
in the level of resources devoted to health may be bigger on the rich country, but the
fraction of total resources is smaller in the later country
On the long run equilibrium, per capita consumption growth rate and per capita
capital stock growth rate are positives because mortality rates are decreasing and
hence the death probability faced by individuals over time is smaller. In that case,
in each period individuals are willing to postpone more consumption and accumulate
more capital stock for the future.
Those properties argue for divergence on per capita income growth as observed on
the data, but convergence on life expectancy at a current moment of time. Initially
a poor country will accumulate intensively life expectancy with a negative eﬀect over
capital stock accumulation. However, larger life expectancy will be associated with
larger per capita income growth rate. Richer countries (with larger life expectancy)
should be associated with the last case while poor countries should be associated with
the former case. When the poor country reach the long run equilibrium, its behavior
will resemble the behavior of a rich country.
CONCLUSION
The paper deals with the process of economic development of countries. Rather
than focusing just on per capita income, the paper extends the analysis to deal with
increases on life expectancy and it answers why countries may be experiencing larger
increases on life expectancy and only minor increases on their level of per capita
consumption.
The paper is built on individuals’ decisions that are later aggregated to obtain
the behavior of the aggregate economy. This process shows interesting features,
as it is shown that bequests may not be the result of an altruistic process vis-a-
vis descendants, but just the result of assets left as bequests due to an unexpected
18death. Also, the behavior of the economy would follow closely the decisions of the
individuals. Even when individuals at diﬀerent stage of their life may have diﬀerent
behavior, the aggregate variables of the economy are the result of an appropiated
weighting of individuals. The behavior of those aggregated variable may be solved in
term of themselves, and no further information on the individual’s problem will be
required.
The main ﬁndings indicate that there exists a trade-oﬀ between life expectancy
expansions and per capita income growth. This trade-oﬀ is due to the fact that life
expectancy depends on investment on health capital and health capital uses simi-
lar inputs than physical goods. Hence, accumulating larger health stock deviates
resources from the sector that produces consumption and capital goods.
During the transition to the long run equilibrium, countries may increase largely life
expectancy rather than consumption and hence poor countries will converge faster
in life expectancy than in per capita income. This result built on the diﬀerence
between rates of return of a unit of capital stock on the production of health stock
and physical stock. The rate of return of health stock has two components, in one
side the usual marginal product on the production function of health and on the
other side increases on utility. This last component is basically the decrease on the
death likelihood times the level of utility we could obtain. The return from those two
components initially are larger than the return from the physical capital sector and
hence health is accumulated more intensively.
As the economy develops, there are larger incentives to accumulate physical capital
instead of health. This eﬀect is determined by the fact that the return from the
health sector decreases vis-a-vis the physical stock sector and also by the fact that
the economy has a larger life expectancy and individuals are willing to postpone
consumption as they are more likely of getting utility of it. Those eﬀects argue for
poor countries having larger increases on life expectancy while richer countries having
larger increases on per capita income.
19MATHEMATICAL APPENDIX
Proof of equations (16’), (18’) and (19’)























Where the last inequality follows from
t Z
−∞
Shvdv =1 . Also notice that using a ﬁrst















































































This result establishes equation (16’). To obtain equation (18’), diﬀerentiate with
respect to time equation (5) and use equation (7). We get:
•
c(v,t)=
D − ρ − δk − λ(h(v,t))
r













D − ρ − δk − λ(h(v,t))
r
]Snvdv =


































































D − ρ − δk − λ(Ht
Nt)
r




























































Notice that diﬀerentiating equation (6) with respect to time and using equations



























H t)α, as shown above.
P r o o fo fP r o p o s i t i o n3 . 1
Let show ﬁrst that there is only one equilibrium level of UK
H . Equation (19) is
function of UK
H only. Hence it deﬁnes a diﬀerential equation with constant coeﬃcients
on UK






























Since the slope is positive for small values of UK
H but negative for large values
and since preferences and production functions are continuous, there exists only one
equilibrium value that satisfy (
•
UK/H)=0 . Let UK





UK/H) > (<)0 due to the slope of equation (19), as shown
above. Hence, it follows that the equilibrium point is unique and stable.







)α−1 − δh =0
















H/N), since u(v,t) is bounded and hence
it must be constant on the steady state. It follows that capital per capita must be
constant on the steady state. In fact, we may characterize the evolution of capital






















Where it was use the fact that on the steady state 0<u(v,t)=uss<1a n dc0 is the
level of consumption per capita at the moment the steady state was reached, tss.
This is a ﬁrst order diﬀerential equation in Kt
Nt. Its solution is:
Kt
Nt










Where W0 and W1 are constants of integration. On the steady state Kt
Nt is constant,





Nt converge to W1.
This last condition allows us to characterize consumption per capita on the steady
state. First, notice that equation (18) implies constant per capita consumption
growth on the steady state, as mortality rate is constant on the steady state. But






Finally, notice that the transversality is satisﬁed. The individual transversality
condition implies for the economy the following aggregate transversality condition:
6Since D − uss − δk > 0b ya s s u m p t i o n1 .














Where the ﬁrst equality follows from integrating the transversality condition over
the population, the second equality follows from integrating equation 7 with respect
to time and the third equality from the deﬁnition of Kt
Nt. Also, notice that by equation
5, we have µ(v,v)=uc(c(v,v)) > 0. Since Kt
Nt converge to a constant value on the
steady state, to satisfy the aggregate transversality condition, we require D>δk which
is satisﬁed by equation 1. Thus the transversality condition is satisﬁed by assumption
1.
The dynamics can be easily illustrated. In fact a relatively poor country, i.e. with
UK0
H0 < UK
H ss, will have increasing in life expectancy over time until reaching the new
equilibrium. Since mortality rate decreases over time,
•
(Ct
Nt)m u s ti n c r e a s eo v e rt i m e .
B yt h es a m ea r g u m e n t sa sa b o v e ,t h ec a p i t a lp e rc a p i t am u s ti n c r e a s eo v e rt i m eu n t i l
reaching the new equilibrium. Q.E.D.
P r o o fo fP r o p o s i t i o n3 . 2
The proof is analogous to the one of proposition 3.1. However, in the steady state,
as UK
H ss > (δh)
1
α, we have health stock per capita with positive growth rate, i.e.
•
H/N
H/N> 0. Also mortality rate must decrease on the steady state. In fact, the change














H ss)α−1 − δh > 0, as on
the steady state 0<u(v,t)=uss<1. Those growth rates must be constants since UK
H ss




K/N) be constant on the steady state is (
D−ρ−δk−λ(H
N ss)
r )=( D−uss−δk) > 0, from
equation (20).
24The last condition will be useful to characterize the evolution of consumption per
capita on the steady state. First, notice that on the equilibrium level of UK
H ss, we
















r )=( D−uss−δk) > 0, where uss is constant on the steady










C/N) > 0. Finally, the dynamics follows the same arguments of
proposition 3.1. Q.E.D.
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